We offer a refinement of the classical Clifford inequality about special linear series on smooth irreducible complex curves. Namely, we prove about curves of genus g and odd gonality at least 5 that for any linear series g r d with d ≤ g + 1, the inequality 3r ≤ d holds, except in a few sporadic cases. Further, we show that the dimension of the set of curves in the moduli space for which there exists a linear series g r d with
Introduction and preliminary results
In the article we deal with complex algebraic curves and linear series on them. The classical Clifford theorem says that if D is a divisor on a smooth curve of genus g, then 2 dim |D| ≤ deg D, provided that 0 ≤ deg D ≤ 2g. It is known that if we reduce the range for deg D then the inequality can be strengthen. So, the paper is a contribution to the following question: is also very ample and decomposes into g 6 19 = g 1 5 + g 4 14 , where g 4 14 is very ample too and embeds C → P 4 as an extremal curve.
In fact, it refines the following result obtained by Martens. Just as it is the case here, many results about linear series on algebraic curves of genus g are often formulated in terms of gonality, which of its turn provides a stratification of the moduli space as M ]. This suggests that it is also relevant to ask for the codimension of the complement to the subset in the moduli space for which the desired properties hold. Thus the second main result in the paper presents an upper bound for the dimension of the subset of curves in M g on which there exists g r d such that inequality (1) fails. Theorem 2. Denote by
where it is assumed that g and l are integers such that g ≥ 7 and
Our interest in this topic was motivated by a simple observation derived from the following statement proven by Coppens and Martens:
From here it is easy to see that on a general curve (in the sense of moduli) inequality (1) will hold for all values of d up to a number close to the maximal one allowed by the Riemann-Roch theorem. 
and by Riemann-Roch theorem r = g − 3g + 1 + 2g + 2 − 1 = 2. Also, for any two points P, Q ∈ C we have deg |g = 2g + 2. Hence, g = 2, i.e., g = 6, and g
gives the embedding in P 2 .
This suggests that it is natural to expect that with increasing the gonality k of the curve C the range 0 ≤ d ≤ d 0 (k) where the inequality (1) holds for any g r d on C will also increase.
In the first half of the paper, we will consider odd-gonal curves, studying those series g r d for which r is maximal for the given degree d. As we extend the scope of validity of inequality (1) from previously known results, we may assume that g r d is base point free and complete linear series. Remark that in [6] Coppens and Martens have proven that (1) holds for all g r d 's on a smooth odd-gonal curve C of genus g, assuming d ≤ g − 1, Martens have identified in [19] the cases in which there is equality in (1), while the case of even-gonal C has been studied by Kato in [16] . Since for d ≤ g − 1 Theorem 1 is simply the result of Coppens and Martens, we need to focus on the cases d = g and d = g + 1 only. We will resolve them in the next section, where we will also show through examples the existence of curves (and linear series on them) like those in cases (2) and (3) of Theorem 1, i.e. the new ones in comparison to Proposition 1.1. In the second half of the paper, we will offer some further extensions of the Clifford inequality mostly oriented toward dealing with linear series g r d of degree d ≥ g. In Proposition 3.1 we will identify the possible exceptions essentially in terms of Clifford index of the curve, while in Theorem 2 we will do this in terms of moduli of curves.
Notations and some preliminary results
The notations in the paper are for the most part like those in [3] . In addition, we occasionally write g 
, and by Cliff(C) we will denote the minimal number Cliff(L) among those for
When working with a fixed curve, as in section 2, we denote its gonality with a single letter, but when we deal with families of curves, as in section 3, we opt for the notation gon(C) for an element C. A line bundle L on a smooth curve C will be called strictly birationally very ample if the associated morphism Φ L is a birational, but not very ample. The last is equivalent to
− 2 except for finitely many (but at least one) pairs of points p, q ∈ C.
Before moving to the proofs, recall the following results which we will refer to several times. 
where 
where g 0 is the sectional genus of S, i.e. g 0 = p g (H).
2. Proof of Theorem 1 and some related examples
Proof of Theorem 1
Before launching into the proof let's note that case (1) from Proposition 1.1 is included in case (3) of Theorem 1 (the one in which r = 4 and g = 10), while the absence of case (2) from the proposition among the exceptional cases in our theorem will become clear in the course of the proof.
Assume that the gonality of C is at least 5 and also that C is none of the curves described in sporadic cases (1) and (2) on C , such that
where
It is easy to see that g , φ and curves C, C and
The last would be a contradiction, unless we have equalities everywhere in the above sequence. This
So, assume that for a given g Here we obtain for π(d, r) that π(3r − 2, r) = 3r − 3 = g and so C must be an extremal curve. Then by [3, Theorem 2.5, p.122], it needs to be one of the following:
(1) an image of a smooth plane curve under the Veronese imbedding ν 2 : is also complete, wherefrom we find for the genus g of C that
: C → C can not factor through a proper mapping and we find by the Castelnuovo-Severi inequality that 3r
, we obtain that in this case r ≤ 2, which is impossible. So, we conclude that g r d must be birationally very ample. Now applying Proposition 1.6 for π 1 (d , r ) we find π 1 (3r −5, r −2) = 3 2 (r − 2) + 3 = 3r − 3, while p a (C ) ≥ g = 3r − 2 and so we obtain that C lies on a surface S of degree r − 3 in P r−2 . By Proposition 1.4, S is either a rational normal scroll in P r−2 or the Veronese surface in P 5 , the last only possible for r = 7. Next we consider those two possibilities.
1. Let C → S , S a rational normal surface in P r−2 . 1.1. Assume first that p a (C ) = g = 3r − 2, i.e. C is a smooth curve. It follows then by the Segre formula, i.e. Proposition 1.7, that
where n is the degree of the morphism from C to the hyperplane section of S and g 0 is the sectional genus of S . Since g 0 = 0, we obtain for n
. For r > 8 we get n < 5. Since C is a n : 1 covering of a rational curve, it follows that the gonality of C is less than 5, contrary to the assumptions in the theorem. For r = 3, . . . , 7, the equation has no integer solutions. For r = 8, we obtain n = 5, i.e. C is 5-gonal curve at worst and we might have g Further, we claim that it is not compounded. To see this assume the opposite. Then C can be only a 2 : 1 covering of another curve, lets say Γ of genus γ. The covering induces a linear series g 4 7 on Γ, which is obviously non-special, therefore γ ≤ 7 − 4 = 3. Since C is assumed to be 5-gonal, we get by the CastelnuovoSeveri inequality 22 = g ≤ (5 − 1)(2 − 1) + 2.3 = 11, which is a contradiction. Thus, it remains for g 4 14 to be birationally very ample. Calculating now π (14, 4) , we find g = 22 = π (14, 4) , or in other words C := Φ g 4 14 (C) is an extremal curve, which implies that C is smooth or equivalently, g 4 14 is very ample. 1.2. Assume now that 3r − 2 = g < p a (C ). By the Segre's formula we obtain
which is equivalent to
For r ≥ 8 we obtain n < 5, so need to check only the cases r = 4, . . . , 7. For r = 5, 6, 7, we obtain that n < 7. For r = 4, we get g
i.e., C is a plane model of C of degree 7 while g = 10, and projecting from a singular point of the plane model yields g As it is well known, see for instance [13, Ex.13, p.13], every curve on S is the intersection of S with a hypersurface F in P 5 . Since deg C = 16, we get that F is of degree 4. For a hyperplane section H of S we have K S .H = −H 2 + 2p a (H) − 2 = −6, and from C ∼ 4H, we get by the adjunction formula p a (C ) = 21. So, pulling-back C down to P 2 gives a singular plane model of C of degree 8. Then a projection from one of the singular points to P 1 gives a mapping of degree at most 6, and due to the assumption for odd-gonality, C must be of at most 5-gonal.
To finish the proof, it remains only to see that in all cases g 
Existence of the sporadic cases (2) and (3) from Theorem 1
It is worth confirming that curves as the ones described in (2) and (3) of Theorem 1 do exist.
Case (2) of Theorem 1. The examples involve curves on smooth del-Pezzo surfaces. Recall first that a smooth del-Pezzo surface S r → P r , r = 4, . . . , 7 has the following properties (see [13, V.4 
]) :
• it is anti-canonically embedded in P r as a surface of degree r and can be regarded as the blow-up of P 2 at 9 − r points in general position; • its Picard group is generated by the transform l of a line in P 2 and e i , i = 1, . . . , 9 − r, where e 1 , . . . , e 9−r are the exceptional divisors;
• the intersection numbers are: l 2 = −e 2 i = 1, and l.e i = e i .e j = 0, for
where a, b 1 , . . . , b 9−r are integers, and for such D we have (2) deg
and for its arithmetic genus
where To show the existence of curves and linear series with the prescribed properties, we consider:
For r = 4, g = 10 and g is complete. Blowing down to P 2 we get a plane model of degree 8 for C that has two singular points of multiplicity 3 and two singular points of multiplicity 2. Projecting from a singular point with multiplicity 3 to P 1 yields g For r = 6, g = 16 and g 6 17 , the curves on S 6 in the equivalence class of 8l − 3e 1 − 2e 2 − 2e 3 .
Remark 2.2 guarantees the existence of a smooth C in this class. Using again (2) and (3), we find deg C = 24−7 = 17 and p a (C) = on C cut by the hyperplanes in P 6 is complete. Blowing down to P 2 , we get a plane model of degree 8 for C that has one singular point of multiplicity 3 and two singular points of multiplicity 2. Projecting from the singular point of multiplicity 3 to P 1 gives g 1 5 on C. Just like in the previous paragraph it follows that C is 5-gonal.
For r = 7, g = 19 and g 7 20 , the curves on S 7 in the equivalence class of 9l
The check is similar to the ones carried above.
Case ( 
Further improvements
The results in the previous section suggest that the dimension of the subset in the moduli space of curves of genus g formed by curves for which there is g Proof. The proof is similar to the proof of the main theorem in [4] . We may assume d = g + l since otherwise the claim would follow by induction on l.
All we have to do is show that are there at most finitely many linear series g 
3 ) and for its Clifford index we have
As it is known from [6] , gon(C) − 3 ≤ Cliff(C), wherefrom we get 2l + 5 ≤ gon(C) ≤ Cliff(2E) + 3 ≤ 2l + 3, which is a contradiction. Alternatively (still in the case 
and we reach a contradiction exactly like in Lemma 2.1. It remains to consider the case n ≥ 3. It is trivial to see that the only interesting case is n = 3. Further, since there exists a pencil of degree [ Further in this section we will estimate the dimension of the subspace of curves in the moduli space defined as 
as a fine moduli space. Unlike the case of a single curve, such a fine moduli space doesn't exist in general (see [20] for a criterion in the case of π :
e. the universal family of curves without automorphisms) and depends on the family π : C → S. More precisely, its existence depends on the existence of a fine moduli space representing the functor
The remedy is that for any given curve C 0 ∈ M g there exist a Kuranishi family π : C → S, where S ⊂ C 3g−3 is a polydisc centered at C 
At the expense of being imprecise but in order to avoid some cumbersome notations, we will denote in the remaining part of this section the closed points of W C/S , the interested reader may refer to [1] and [2] .
For the proof of the second main theorem in this paper we need the following two preparatory lemmas. 
Proof. See [9] and [17] or alternatively [15] for a detailed proof. Remark that, as it is pointed in [9] , the bound given in the very ample case actually applies for linear series producing birationally unramified mappings, but we do not pursue such generality here. 
where W ⊂ W t e (C s ) is an irreducible component of maximal dimension containing L s . Clearly, we may assume that for general (C s , L s ) ∈ W the component W is built-up generically of strictly birationally very ample linear series (due to our assumption that the general L s ∈ W is strictly birationally very ample). Further, let ρ Z be its restriction of ρ to Z, where 
has finitely many components, and as we saw dim η W (W
This completes the proof of the lemma. as it is easy to see using that r ≤ Let's remark at this point that we may assume for a general (C s , L s,α0 ) ∈ W 0 that the moving part of K Cs ⊗ L s,α0 −1 is birationally very ample. Essentially, this due to Lemma 2.1 and the fact that we are interested in the curves for which there exists a g where the meaning of α 2 is the apparent one, provided that r − 1 ≥ 3. In this way, after i steps we will have This completes the proof of the theorem.
